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Abstract

Measuring the plasma equilibrium is essential for real time plasma control and for the
investigation of an abundance of physics questions. However, many existing kinetic equilibria
reconstruction techniques rely heavily on integrated magnetic measurements and neutronsensitive diagnostics, which will be difﬁcult to design and operate in ITER and DEMO. Here we
present and test a conceptual design for a non-magnetic equilibrium reconstruction method using
data from a radial electron cyclotron emission diagnostic and an image of the plasma boundary
—diagnostics which can be robustly designed in high-neutron environments. This technique is
based on the measurement of a discrete q-proﬁle and the symmetry mapping of the electron
temperature proﬁle, both of which can be acquired with ECE.
Keywords: equilibrium, q-proﬁle, ECE, EFIT, ITER
(Some ﬁgures may appear in colour only in the online journal)
the electron cyclotron frequency range (70–1000 GHz), and the
runaway electron spectrum. In ITER, ECE instruments will cover
radial and oblique views in order to diagnose possible distortions
in the electron momentum distribution [8]. Importantly, the
existence and location of magnetic islands formed by tearing
modes can be detected through ECE analysis. Magnetics islands
rotate with the plasma and change the temperature proﬁle over a
radial region. Since the X-point has a steeper electron temperature
gradient than the O-point, a temperature measurement at a ﬁxed
toroidal location can detect ﬂuctuations at the frequency of the
mode that vary radially and are phase inverted at the center of the
island [9]. In addition to tearing modes, it is also possible to detect
the existence and spatial structure of Alfvén eigenmodes (AE)
with ECE [10, 11].
It is shown in this paper that it is possible to use ECE to
detect the location of several such modes simultaneously. The
main experimental requirement for this method is that ECE
measurements extend across all the modes with sufﬁcient
radial density to accurately determine the mode location. In
combination with transient magnetics measurements to
determine the mode number q = m n associated with each

1. Introduction
As progress is made towards burning plasmas, intense nuclear
environments set stringent demands on the engineering of many
diagnostic systems. For example, Thomson scattering (TS) and
other optical systems demand both high optical throughput and
substantial neutron shielding, requiring the use of mirrors in
the optical system [1, 2]. The task of designing optically stable
mirrors in a nuclear environment is complicated, and is the
subject of ongoing research [3–5]. In contrast, microwave
diagnostics such as electron cyclotron emission (ECE) require
only waveguides and antennas near the plasma, rendering these
techniques robust and well suited to high-neutron environments
[1, 6]. As a result, ECE will be a key component of the
diagnostics suite on future tokamaks, including ITER [7]. For
ITER, two ECE instruments are planned: a multichannel
radiometer for proﬁle measurements and a Michelson interferometer for multi-harmonic spectral measurements [8].
ECE provides data that can be used for real time plasma
control and physics studies by measuring the electron temperature
(Te) proﬁle, electron temperature ﬂuctuations, power radiated in
0741-3335/19/085013+08$33.00
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island, a q-proﬁle can be constructed out of a discrete set of
mode-location pairs. In this paper we describe the algorithm
used to determine the radial locations of several coexisting
modes from ECE data and demonstrate the technique for a
discharge in DIII-D where multiple modes are present.
Most importantly, we also outline a potential technique that
could be used to determine a solution of the Grad–Shafranov
equation based on ECE measurements without extensive use of
integrated magnetic diagnostics. Many existing equilibrium
reconstruction methods already use ECE data to improve a
magnetics-based Grad–Shafranov solution. Te has long been
used as an internal topographic constraint that can be used to
constrain the current proﬁle and magnetic measurements
[12, 13]. Te measurements have also been used to ﬁnd the
magnetic axis in preparation for equilibrium reconstruction [14].
Recently, Qian et al demonstrated an iterative solution to the
Grad–Shafranov equation using external magnetics and the
m/n=1/1 location from ECE [15]. However, all of these
approaches require extensive use of integrated magnetic measurements, which will be difﬁcult to implement on ITER and
DEMO because of the long discharge duration. In contrast,
methods that do not use extensive magnetics have also avoided
the use of ECE. Previous non-magnetic equilibrium reconstruction strategies have used polarimetry [16, 17] and motional
Stark effect (MSE) [18] to generate a q-proﬁle. In this work, we
present the design of a non-magnetic equilibrium reconstruction
technique that is based on a radial ECE diagnostic, which is
well-suited to high-neutron environments. As is shown below,
this method requires access only to the plasma boundary (which
is available for example through plasma imaging [19–21]) and
the q and Te proﬁles, both of which can be taken directly from
ECE. The proposed method could be further developed into a
stand-alone equilibrium reconstruction tool or be implemented
as a value-add to existing reconstruction codes that are based on
integrated magnetics.

corresponds to each mode is extracted from instantaneous
magnetics using the modespec code [30], though q could
also be extracted from a full-coverage radial ECE radiometer
and an ECE-imaging array. Using the radial position of the
mode determined by ECE analysis and q=m/n from
modespec, the q(R) proﬁle is constructed.
The algorithm used to determine the radial location of a
mode is explained below.
1. A time interval of interest is chosen to generate the
following discreetly sampled variables:
• s = [1, 2, ¼, Ns] = sample number, depends linearly
on time,
• Te(i, s)=electron temperature at each sample for each
ECE channel i,
• fB( j)=frequencies of each magnetic mode present in
the time interval; ( j=1, 2, K, Nmodes where Nmodes is
the number of modes).
2. For each frequency in fB, a bandpass ﬁlter centered on
fB( j) is applied to the ECE data in Te(i, s). The ECE
phase information related to each mode j is then be
extracted with a discrete Hilbert transform:
• T˜e (i, s ) =  [ Te (i, s )],
• f (i, s ) = atan2 [ Im (T˜e (i, s )), Re (T˜e (i, s ))] = phase
of signal.
3. The phase shift by π between adjacent channels along
the radial proﬁle in the presence of a magnetic island is
detected via cross-correlation between neighboring
ECE channels:
• X (i, s ) = åk f (i - 1, s ) f (i, s - k ).
In-phase channels will have peaks in X(i, s) that
are aligned with peaks in the phase signal f(i, s),
whereas the convolution function X(i, s) between two
channels with a phase shift will exhibit a phase shift of
π compared to f(i, s).
4. The location of the phase shift is mapped to a radial
location R using the locations of the ECE channels. A qproﬁle can then be constructed given a value q=m/n
for each mode, which is determined externally.

2. Algorithm
Various methods have been previously developed to determine
the location of magnetic islands from radial ECE data. These
include the cross correlation of neighboring channels of a
multichannel ECE diagnostic [22], direct detection of the island
center from the electron temperature perturbation proﬁle [23],
temperature oscillation correlation with a Mirnov reference
signal [24] and real-time determination of mode location from
the matched amplitudes of temperature ﬂuctuations [25]. Further techniques including x-ray imaging spectroscopy [26] and
oblique ECE measurements [27, 28] have also been developed
to ﬁnd the radial location of a large tearing mode. All of these
methods are derived from the altered radial temperature proﬁle
resulting from a rotating magnetic island.
In this work we determine the location of several coexisting modes directly from ECE data via phase-based crosscorrelation between adjacent ECE channels on a multichannel
ECE radiometer. Dual-phase demodulation using a Mirnov
reference signal following the methods in [29] is used to
conﬁrm the island locations. The safety factor q = m n that

3. Measurement of the q-proﬁle in multi-mode
discharges
As a demonstration of the above technique, we use a 40
channel radial ECE radiometer on DIII-D [31] to determine
the island locations for a discharge with multiple modes.
Figure 1 shows magnetic analysis of DIII-D discharge
163117, where four unique modes (m/n=1/1, 5/2, 5/3 and
6/4) are present between t=4340 ms and t=4390 ms. Note
that resonances of the same mode (such as 2/2 and 1/1),
though occasionally visible in the Mirnov data, occur at the
same q=m/n and thus provide no extra information about
the q-proﬁle. Similarly, the artifacts labeled as m/n=1/1
modes between t=4340 ms and t=4390 ms do not correspond to a real mode and do not show up in the ECE spectrum, such that only four distinct modes exist during this time
interval. Further, it is noted that this discharge does not
2
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effect of the poloidal ﬁeld BP is incorporated into the radial
measurement error since BP might not be known during the
equilibrium reconstruction process presented in this work.
Note that localization of ECE channels on ITER will likely be
more difﬁcult due to resolution-limiting effects (discussed
below) from higher plasma temperatures.
The techniques described above may also be applied in
reverse to determine the poloidal mode number of a magnetic
island when a corresponding magnetic analysis fails. This is
accomplished by matching the radial location of a resonant
surface with an existing q-proﬁle. For example, consider the
17 kHz, n=2 mode present in DIII-D discharge 166578
around t=5000 ms. Magnetic analysis suggests that this
mode has m/n=5/2 at 4999 ms and m/n=3/2 at 5001 ms.
The discrepancy in these mode numbers is unphysical and
results from distorted poloidal magnetic array data, leaving
the diagnosis of this mode uncertain. ECE analysis, however,
is able to map the mode to the m/n=2/2 surface with high
ﬁdelity, thereby determining the poloidal mode number, as
shown in ﬁgure 3.
In ﬁgure 3, the blue curve is a standard dual-phase
decomposition algorithm [29] that localizes the tearing mode
around the zero crossing of the phase signal as a function of
ECE channel number. In discharges with multiple islands, this
signal is often distorted far from the mode location by the
propagation of other magnetic disturbances in the plasma. In
this case, dual-phase decomposition suggests three possible
mode locations for discharge 166578. Phase-based crosscorrelation between adjacent channels as presented in this
paper is shown in ﬁgure 3 as black points, and the mode
location is manifested by a phase shift of π. Note that the two
techniques are plotted on different vertical scales. Phasebased cross-correlation presents only a single mode location
in this example, and is found by the authors to yield generally
cleaner results when multiple modes exist within a discharge.
This analysis can be used on any discharge where multiple modes can be located with ECE to either verify complete
q-proﬁles generated through other methods or, if enough
modes are present, to construct a full q-proﬁle directly from
ECE data. It is not necessary, however, to have several
co-existing tearing modes in a discharge in order to generate a
q-proﬁle with this technique, as discrete q-proﬁle locations
can be supplemented with information from other sources.
The radial locations of other modes, such as AE, can also be
detected with ECE and may provide information on the
q-proﬁle [10, 11]. As examples, Nave et al have used AE
cascades to determine both the value and location of qmin on
JET and have used this information to help inform EFIT
choice [33] and Kramer et al have used TAEs to directly
measure the q-proﬁle within the q=1 surface on JT-60U
[34, 35]. Additionally, since it possible to excite tearing
modes by perturbing the plasma with counter ECCD or 3D
magnetic perturbations [36–38], there are a wide variety of
tokamak discharges where the measurement of one to a few q
values with ECE is possible, even if no tearing mode is
initially present. For example, in a discharge where there are
no pre-existing tearing modes or AEs, it could be possible to
‘probe’ the plasma by exciting and then immediately

Figure 1. Spectrogram of the Mirnov signal for DIII-D discharge

163117, showing m/n=1/1, 5/2, 4/3 and 6/4 modes at
t=4361 ms.

Figure 2. Comparison between (black curve) equilibrium recon-

struction from external magnetics and ER-corrected MSE constraints
[32] and (red points) the radial locations of the m/n=1/1, 5/2, 4/3
and 6/4 modes found with ECE for DIII-D discharge 163117 at
t=4361 ms. Four modes can be found within the available ECE
coverage. Also shown is an approximation for q95 from equation (1)
(blue point.)

exhibit Alfvénic MHD activity, which could be used as an
additional q-proﬁle constraint as discussed below.
The radial location of all four tearing modes can be found
with ECE analysis as described above. The q values from
modespec are plotted against the radial location from ECE
analysis in ﬁgure 2. The discrete q-proﬁle obtained here from
ECE analysis agrees well with the q-proﬁle extracted from an
equilibrium reconstruction on the same discharge that was
generated from integrated magnetic and MSE constraints.
Note that in the present analysis, the radial location of each
ECE channel is determined directly from the vacuum toroidal
ﬁeld. As such, the error bars displayed in ﬁgure 2 represent
the distances between the adjacent ECE channels. For this
discharge the separation of ECE channels is the largest error
contributor to q-proﬁle localization; thermal broadening and
relativistic shifts are not generally an issue at DIII-D. The
3
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Figure 3. Left: positions of the ECE channels and q surfaces found with equilibrium reconstruction, placing the 17 kHz mode on the q=1

surface. Right: mode localization from phase-based cross-correlation (points) and dual-phase decomposition (line) for the 16.5 kHz mode at
5001 ms in DIII-D discharge 166578. The mode is located between ECE channels 20 and 21.

stabilizing tearing modes with counter ECCD in order to
generate a useful mode that is measurable with ECE. Should
the acquired q-proﬁle locations through ECE analysis not be
sufﬁcient, the possibility remains to supplement with q values
extracted through other means, including established geometric formulas such as
⎛ 1.17 - 0.65 a R ⎞
q95 = qcyl ⎜
⎟,
⎝ [1 - (a R)2 ]2 ⎠

(1 )

where qcyl=(π a2κBT)/(μ0IpR) can be estimated as the
engineering safety factor [39, 40]. Note that global magnetics
measurements are necessary for this calculation. A mix of q
values from multiple locations can help broaden the number
of discharges to which this technique applies. These data can
be used as calibration for other q-proﬁle measurement techniques, including standard equilibrium reconstruction codes
and MSE, or as a value-add to provide additional constraining
data for q-proﬁle and equilibrium determinations. Furthermore, it is useful to note that ECE-based q-surface location
can beneﬁt analysis when the precise location of just a single
resonant mode is needed—for example the q=1/1 mode
during sawtooth studies.
Looking towards possible application on ITER, it is
important to note that high electron temperatures (Te >
10 keV) will cause relativistic broadening of the ECE frequencies in addition to existing thermal broadening. This will
result in spatial averaging of the ECE signals that is signiﬁcantly larger than the ECE sampling width present in
current magnetic fusion systems. Furthermore, at high electron temperatures ECE frequencies will also experience a
relativistic shift towards the high-ﬁeld side. These effects and
their consequences for ECE diagnostics on ITER have been
the subject of many studies [41–45]. For the purposes of
q-proﬁle localization it important to be able to resolve the
locations of magnetic islands. The absorption spectrum
α(s) and the resulting emissivity function G(s) for three
selected second harmonic ECE frequencies ( fce=256, 297
and 354 GHz) in an expected ITER H-mode plasma with

Figure 4. (a) The absorption coefﬁcients α(s) and emissivity

functions G(s) are plotted as functions of major radius Rmaj for three
selected second harmonic ECE frequencies on ITER. (b) The
temperature proﬁle Te(Rmaj) assumed for these calculations is an
H-mode discharge with Te,max = 25 keV . The 90% width of each
ECE frequency is over-plotted as vertical bars, showing measurement limitations due to broadening.

Te,max = 25 keV are shown in ﬁgure 4. In this paper the
relativistic broadening for an ITER H-mode scenario was
calculated using the ECESIM code [43], which has been
benchmarked against the ECELS code used previously for
ITER cases [46]. Both simulation codes follow the Bornatici
formulation, including corrections for high Te [41]. Spatial
localization of the signal is determined by calculating the
emissivity function
G (s) = Te (s) a (s) e-t (s) ,

(2 )

where s is the spatial coordinate and τ is the optical depth
[43]. The emission region is deﬁned as the space along s
resulting in 90% emission (between 5% and 95% of the
4
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integral of G(s)). This emission width is shown for each
frequency in ﬁgure 4(b), indicating that the radial resolution
of each ECE channel should be high enough to localize
individual locations along the q-proﬁle. Note that these
regions do not represent errors in ECE localization per se, but
rather sampling region widths. Thus small islands can still be
localized by interpolation. In-depth island localization studies
[43, 44] motivated by NTM suppression have found that the
required island width for ECE detection is on the order of
w = 2 cm for the hottest case of Te,max = 25 kev . Further
work has predicted that islands in the range of up to
w ~ 10 cm can be tolerated in ITER before mode locking
becomes inevitable and that ECE-NTM alignment within
about 1 cm will be necessary for complete mode suppression
[47, 48]. Under these considerations, islands in ITER should
be both detectable and localizable, allowing for the construction of discrete points along the q-proﬁle.

for the Grad–Shafranov solver, which uses Piccard iteration to
satisfy the given constraints. In this work, the pressure proﬁle
guesses are deﬁned by a fourth-order polynomial and the
safety factor proﬁles are deﬁned by a second-order polynomial in ι, where q = 1 i . For each pair of input guesses
q(ψn) and P(ψn), the error of the resulting Grad–Shafranov
solution is calculated by comparing the calculated q(R) and
PSIRZ(R, Z) to the discrete q(R) and Te(R) proﬁles measured
with ECE. The values of q(R) are directly compared at mode
locations where q can be experimentally measured. The
symmetry Rout(Rin) of the calculated PSIRZ(R, Z) and measured Te(R) proﬁles are compared by mapping the inboard
location of a ﬂux/temperature to the outboard location of the
same ﬂux/temperature. Iterations are preformed to minimize
the total error. Further development is necessary before this
scheme can be generally applied, but it is shown here to yield
reasonable results in a conceptual study.
For an arbitrary test equilibrium generated with Isolver
for NSTX, the equilibrium reconstructed with this method is
presented in ﬁgure 6. To test this calculation, a set of q (yn ),
P(ψn) and RZSEP(R, Z) proﬁles were assumed as the background plasma. The ECE-based equilibrium, which was
constructed entirely from four q locations measurable with
ECE, a full Te(R) proﬁle measurable with ECE and the
separatrix boundary RZSEP(R, Z) measurable with plasma
imaging, is presented in dashed red. It is compared to the
results of full kinetic equilibrium reconstruction on the
assumed q(ψn), P(ψn) and RZSEP(R, Z) proﬁles, which is
presented in solid black. As seen in ﬁgure 6, the two methods
are in good agreement. The error as a function of iteration is
shown in ﬁgure 7, and is shown to relax exponentially with
iteration number.
Since this reconstruction method utilizes existing Grad–
Shafranov solvers based on Picard iteration, when developed
it should be no slower than currently available equilibrium
reconstruction schemes. Optimization of the solution could be
executed simultaneously on a parallel gpu. A full quantization
of the accuracy and speed of this technique would require
several real shots with complete ECE coverage and is outside
the scope of this paper. As such, developing a proof-of-concept
with demonstrations on a wide variety of plasma scenarios will
be the focus of future work. Additionally, it is predicted that it
will not be possible to obtain a full Te symmetry mapping
during a discharge with Te,max = 25 keV due to reabsorption of
signals from the high-ﬁeld side. At these temperatures, only
frequencies from the low-ﬁeld side will leave the plasma,
which is still enough information to construct a discrete qproﬁle. Construction of a full symmetry mapping proﬁle will
still be possible, however, during the ITER startup phase when
plasma temperatures are lower and scenarios are not yet fully
developed. Further distortion of the ECE signal may occur
through asymmetric effects due to non-thermal electrons
[52, 53]. Existing high-temperature tokamaks such as JET,
TFTR, DIII-D, etc have shown differences between electron
temperatures measured with ECE and TS, but the extent of this
effect on ITER remains to be measured and is assumed to be
manageable.

4. Production of an equilibrium from ECE
One of the most important analysis procedures related to
tokamaks is the construction of a viable equilibrium. Unsurprisingly, ensuring the inclusion of a reliable q-proﬁle is
essential to this process [49]. Since integrated magnetics will
be difﬁcult to work with on ITER and DEMO, we apply the
above methods of q-proﬁle calculation to design a new, nonmagnetic equilibrium reconstruction technique. In ﬁgure 2,
the mode numbers were calculated with instantaneous
magnetic data from Mirnov coils, which will be available
on ITER. However, the use of Mirnov coils to determine
q=m/n could be avoided if the coverage of a radial ECE
diagnostic is good enough to measure a mode on both sides of
the plasma, or if an ECE-Imaging diagnostic was also
employed [50]. For the purpose of this work it is further
assumed that the magnetic boundary can be measured with
imaging [19–21]. Two other functions are then required to
solve the Grad–Shafranov equation, both of which can be
obtained from ECE data. The three chosen input ﬁles are (1)
the magnetic boundary in R, Z space: RZSEP(R, Z), (2) the
safety factor across the plasma as a function of the normalized
poloidal ﬂux ψn: q(ψn) and (3) the total pressure as a function
of ψn: P(ψn). While P(ψn) cannot be directly realized from
ECE, the symmetry mapping along ﬂux contours
(Rout(Rin)≡locations of equal ﬂux along a Z=0 crosssection) can be extracted both from a measured Te(R) proﬁle
and from the equilibrium itself. This function can be used to
iterate upon guesses for the required q(ψn) and P(ψn) proﬁles,
as described below.
The proposed method is to use ECE measurements in
addition to the Isolver code, which is a standalone freeboundary equilibrium solver that runs within TRANSP [51],
to obtain an equilibrium. This is outlined schematically in
ﬁgure 5. It is assumed that ECE coverage for a discharge is
good enough to cover the entire radial extent of the plasma.
This will allow for the measurement of q(R) and Te(R) across
the entire plasma. Along with the magnetic separatrix RZSEP
(R, Z), initial guesses for q(ψn) and P(ψn) are used as inputs
5
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Figure 5. Schematic of the equilibrium-selection process using ECE and Isolver. Green boxes represent measured quantities, blue boxes

represent calculated quantities, and orange boxes represent guessed proﬁles fed to Isolver. A ‘best ﬁt’ equilibrium is chosen by minimizing
the error between the the measured and calculated q(R) proﬁles and the symmetry mappings Rout(Rin) of the calculated poloidal ﬂux and the
measured electron temperature.

Figure 6. Comparison of equilibria generated with Isolver. The original equilibrium is plotted in black (solid) and was chosen as a random

possible equilibrium for NSTX. The reconstructed equilibrium is plotted in red (dashed), and was produced by selecting a ‘best ﬁt’
equilibrium using the methods described in the text.

Finally, note that it is not necessary to fully develop this
reconstruction scheme in order to apply the above techniques
to existing tokamaks. ECE-measured q-proﬁles and symmetry
conditions can be included as an additional constraint in
existing magnetics-based equilibrium reconstruction processes. This would be a value-add for existing reconstruction
codes and could potentially improve the robustness of kinetic
equilibrium reconstruction in the high-neutron, long-pulse
environments predicted in future machines.
5. Conclusion
Techniques previously developed to determine the radial location
of tearing modes using ECE have been extended to discharges
with multiple distinct magnetic modes. By measuring the radial
location of each mode, a discrete q-proﬁle can be constructed
using a single multichannel ECE radiometer. Discrete q-proﬁles
may be constructed with measurements from

Figure 7. The error of the PSIRZ/Te symmetry and q(R) as a
function of iteration number.
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A q-proﬁle generated in this manner not only provides an
independent check for proﬁles generated with other techniques, but can also be used for equilibrium reconstruction. To
that end, we have presented the conceptual design of a nonmagnetic equilibrium reconstruction algorithm that is based
on imaging and ECE measurements, and have tested the
scheme on a theoretical NSTX discharge. Estimates may be
made of the plasma equilibrium by matching the output of a
free-boundary equilibrium solver to the symmetries displayed
by measured q and Te proﬁles. This method does not rely on
either integrated magnetic measurements, which can be
difﬁcult to use in long-pulse discharges, nor TS, which
contains components that are highly sensitive to neutron
damage. As such, a fully-developed ECE-based equilibrium
reconstruction could provide a valuable constraint on
equilibria calculated for ITER and beyond.
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