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ABSTRACT

The new code DESC is presented to solve for fixed-boundary ideal magnetohydrodynamic equilibria in stellarators. The approach directly
solves the equilibrium force balance as a system of nonlinear equations in the form fðxÞ ¼ 0. The independent variables x represent nested
magnetic flux surfaces expressed in the inverse representation with toroidal flux coordinates, and the equations fðxÞ quantify equilibrium
force balance errors at discrete points in real space. Discretizing with global Fourier–Zernike basis functions properly treats the magnetic axis
and minimizes the number of coefficients needed to describe the flux surfaces. The pseudospectral method provides great flexibility in where
the errors are evaluated, and the system of equations is efficiently solved with a Newton–Raphson iteration. Equilibria are computed and
compared against VMEC for both axisymmetric and non-axisymmetric examples. The results show fast convergence rates and solutions with
low errors throughout the plasma volume.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0020743

I. INTRODUCTION
A. Equilibrium problem

Magnetic confinement in toroidal devices such as the tokamak and
stellarator presents the most promising approach to controlled nuclear
fusion. Optimizing the design and performance of these reactors to con-
tinue improving their performance relies on fast and accurate numerical
calculations of the equilibrium plasma state. Under the ideal magnetohy-
drodynamic (MHD) model, the equilibrium for a static plasma is given
by the force balance equation and Ampère’s and Gauss’s laws

J� B ¼ rp; (1a)

r� B ¼ l0J; (1b)

r � B ¼ 0: (1c)

An equilibrium is a magnetic field B that solves this system of nonlin-
ear partial differential equations (PDEs), subject to the pressure profile
p and any additional constraints.

In the axisymmetric case of tokamaks, the resulting
Grad–Shafranov equation is numerically tractable, and codes have
been developed to efficiently solve this elliptic PDE.1 Stellarators are
inherently three-dimensional2 (3D), however, and the simplification of
an ignorable coordinate cannot be used. Promising experimental
results in recent years have led to a renewed interest in stellarators,3

and the search for an optimal design is leading to high-beta

configurations with complicated geometries. Although there are exist-
ing codes for handling 3D equilibria, they are inadequate for machine
learning and real-time applications and for studying the full phase-
space of stellarator configurations.

B. Literature review

The first equilibrium codes developed specifically for 3D toroidal
geometries were based on the MHD variational principle4 and used
finite difference approximations in the discretization of all three spatial
coordinates. Chodura and Schl€uter5 proposed to directly solve the
equilibrium problem by minimizing the total potential energy of the
plasma on a space-fixed Eulerian grid. The BETA6 code instead solves
the “inverse” equilibrium problem, which finds the toroidal flux coor-
dinates instead of directly solving for the magnetic field. The major
drawbacks of these approaches are that they assume the existence of
nested flux surfaces, and their accuracy is limited to second order by
the finite difference schemes.

It was quickly realized that these algorithms could be greatly
improved with spectral methods.7 Bhattacharjee, Wiley, and Dewar8

proposed a variational method with the inverse mapping using
Fourier series representations of the poloidal and toroidal angles. The
NEAR9 code replaced the discretization of Chodura and Schl€uter with
a similar scheme and also changed the Eulerian grid to employ a vac-
uum flux coordinate system. Similarly, VMEC10 was developed as the
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spectral version of the inverse energy principle used by BETA. This
increased the speed and accuracy of calculations, and VMEC has
become the most widely adopted stellarator equilibrium code.
However, both of these approaches still use simple finite differences in
their radial discretizations and are only first-order accurate at the mag-
netic axis. Additionally, the assumption of nested flux surfaces is
known to cause issues at rational surfaces.11

Several codes have since been developed to allow for magnetic
islands and regions of stochastic field-lines since nested flux surfaces
generally do not exist in 3D equilibria. The BETA code was modified
into BETAS12 to allow for magnetic islands, and it also updated to
Fourier decompositions for the angular coordinates. A nonvariational
approach is taken by HINT,13 which introduces artificial resistivity
and viscosity and integrates in time until the plasma has relaxed to an
equilibrium. This code uses a fixed-space Eulerian grid with second-
order accurate finite differences, much like the approach of Chodura
and Schl€uter. But unlike most other codes which conserve the total
magnetic flux inside the torus, HINT instead solves for currentless
stellarator equilibria.

Recognizing that relaxation methods need to resolve small time
scales that slow down convergence, the PIES14 code employs a differ-
ent algorithm: it iteratively calculates the pressure driven current from
a magnetic field and then updates that field using Ampère’s law.
Similar to NEAR and VMEC, PIES utilizes a combination of Fourier
modes and centered finite differences to discretize the volume.
SIESTA15 is another iterative solver based on the energy principle,
which starts from a perturbed VMEC solution and can handle more
complicated field-line behavior than BETAS. This code uses pseudo-
spectral techniques and a staggered radial grid to better treat the mag-
netic axis, but the radial mesh is still only second-order accurate.

SPEC16 allows for complicated field behavior by dividing the
domain into regions of constant pressure that are separated by a dis-
crete number of irrational surfaces, and finite element methods are
used to represent the subdomains with Fourier and Chebyshev basis
functions. The algorithm does not solve the MHD force balance with a
finite pressure gradient, it requires discontinuous inputs that may not
represent realistic profiles, and it does not properly resolve the mag-
netic axis.

C. Benefits of a new method

Despite the progress in this field, there is still demand for an equi-
librium code that is fast, accurate, and flexible for many secondary
applications. This paper presents a new code, called DESC, that aims
to fulfill this need by directly solving the equilibrium equations in the
most efficient manner while also providing a useful format for stellara-
tor optimization. The approach is currently formulated for fixed-
boundary problems, but it will be extended to free-boundary equilib-
ria. Like VMEC, nested flux surfaces are assumed to exist. Although
this assumption is rarely true for real plasmas, it provides crucial sim-
plifications and ensures that any solution will be of practical interest
for good confinement. Rather than minimizing the total energy of the
plasma, the MHD equilibrium equations are solved in the form of a
nonlinear system fðxÞ ¼ 0, where the output fðxÞ corresponds to the
force balance error at discrete points in physical space and must vanish
in equilibrium. The potential advantages of this approach are
numerous:

1. Solving the force balance equations directly in real space, instead
of indirectly through the energy principle, guarantees low resid-
ual force errors throughout the plasma volume.

2. Pseudospectral methods minimize the dimensionality of the sys-
tem, so similar levels of accuracy can be achieved with fewer var-
iables compared to finite difference and finite element
techniques.

3. Global basis functions give the solution everywhere in the
domain, unlike finite difference methods that are only defined at
discrete surfaces.

4. Fourier–Zernike basis functions are used to inherently satisfy the
necessary conditions at the coordinate singularity, so the mag-
netic axis is properly resolved.

5. Collocation points can be chosen to avoid rational surfaces,
where the assumption of nested flux surfaces is not valid.

6. The system of equations can be solved with a Newton–Raphson
method, which convergences quadratically in the neighborhood
of the solution.

7. Unlike the energy principle, it is trivial to find neighboring solu-
tions and vary quantities of interest to locate solution branches
once an equilibrium is calculated.

These numerical methods allow this approach to maximize com-
putational speed and accuracy, and they yield significant performance
improvements over existing codes.

II. DERIVATION OF PROBLEM FORMULATION
A. Magnetic field in toroidal flux coordinates

The toroidal flux coordinate system ðq; #; fÞ is depicted in Fig. 1.
This is very similar to the coordinate system used by the stability code
PEST,17 except that the toroidal angle is chosen as f ¼ �/ so that the
coordinate system is right-handed when the straight field-line poloidal
angle # is measured counterclockwise from the outboard midplane.
The covariant basis vectors are defined by ea ¼ ½@aR; @a/; @aZ�T ,
and the Jacobian of the coordinate system is

ffiffiffi
g
p ¼ eq � e# � ef. The

flux surface label is chosen to be q ¼
ffiffiffiffiffiffiffiffiffiffiffi
w=wa

p
where wa is the toroidal

magnetic flux at the last closed flux surface, so that q is proportional to
the minor radius. Note that this choice differs from the default radial
coordinate in VMEC of w=wa, which results in a lower density of
flux surfaces near the magnetic axis and can affect its resolution
accordingly.

Any vector, including the magnetic field, can be written in con-
travariant form as

B ¼ Bqeq þ B#e# þ Bfef: (2)

Under the assumption that nested flux surfaces exist B � rq ¼ Bq

¼ 0, the representation reduces to B ¼ B#e# þ Bfef. B# and Bf are
not independent but are related through (1c) by

B# ¼ � 1ffiffiffi
g
p

@a
@f
; (3a)

Bf ¼ 1ffiffiffi
g
p

@a
@#

; (3b)

where aðq; #; fÞ is some stream function. This leads to the Clebsch
representation

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 27, 102513 (2020); doi: 10.1063/5.0020743 27, 102513-2

Published under license by AIP Publishing

https://scitation.org/journal/php


B ¼ rq�raðq; #; fÞ (4)

which reveals that magnetic field-lines lie on surfaces of constant q
(flux surfaces) and surfaces of constant a. Equations (2)–(4) could
describe magnetic surfaces in any toroidal coordinate system with
arbitrary angle definitions, but # and f are chosen to be straight field-
line coordinates. The toroidal angle is fixed as f ¼ �/; this necessi-
tates a particular definition for #. The function

hð#; fÞ ¼ p� #� kð#; fÞ (5)

is used to relate the straight field-line angle # to a more general poloi-
dal angle h, such as one that demarks constant arc lengths. k is a peri-
odic function of both # and f with zero average over a flux surface,
and the factor of p is necessary to convert between the clockwise and
counterclockwise directions.

The “straightness” of the ðq; #; fÞ coordinate system is satisfied
with the following choice for the stream function:18

aðq; #; fÞ ¼ 1
2p

w0#� v0f
� �

: (6)

Here, wðqÞ and vðqÞ are the toroidal and poloidal magnetic flux,
respectively, and the prime denotes a derivative with respect to q.
Therefore, the equation for a magnetic field-line on the flux surface
q ¼ q0 is #� i�f ¼ constant, which is the desired equation of a
straight line with a slope equal to the rotational transform,

i� ðqÞ ¼ d#
df
¼ B#

Bf
¼ v0

w0
: (7)

Combining (2)–(7) yields an expression for the magnetic field with
nested flux surfaces in contravariant form of the straight field-line
coordinate system,

B ¼ B#e# þ Bfef ¼
w0

2p
ffiffiffi
g
p i�e# þ efð Þ: (8)

This formulation reveals the well-known principle that magnetic
field-lines constitute a one-and-a-half-degree-of-freedom Hamiltonian

system.19 The canonical position, momentum, and time become #, w,
and f, respectively, in the magnetic coordinate system ðw; #; fÞ. When
toroidal flux surfaces exist, the Hamiltonian vðwÞ is a flux surface
quantity, and Hamilton’s equations become

d#
df
¼ @v
@w
¼ i�; (9a)

dw
df
¼ � @v

@#
¼ 0: (9b)

B. Force balance equations

Combining (1a) and (1b), a force balance error F can be defined
as

F � 1
l0
r� Bð Þ � B�rp ¼ 0 (10)

and the equilibrium magnetic field must satisfy this equation.
Substituting the form of the field from (8) into the force balance error
(10) yields10

F ¼ Fqrqþ Fbb; (11a)

Fq ¼
ffiffiffi
g
p

BfJ# � B#Jf
� �

� p0;

¼ 1
l0

Bf @fBq � @qBfð Þ � B# @qB# � @#Bqð Þ
� �

� p0 (11b)

Fb ¼
ffiffiffi
g
p

Jq ¼ 1
l0

@#Bf � @fB#ð Þ; (11c)

b ¼ Bfr#� B#rf: (11d)

This reveals that there are only two independent components of
the force balance error F: a radial component Fq and a helical compo-
nent denoted Fb. These vector components can be written as a system
of two scalar equations that represent the total force error (in
Newtons) in a volume of plasma

fq ¼ Fqjjrqjj2
ffiffiffi
g
p

DqD#Dfsign rq � eqð Þ; (12a)

FIG. 1. Toroidal ðR;/; ZÞ and straight field-line ðq; #; fÞ coordinate systems.
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fb ¼ Fbjjbjj2
ffiffiffi
g
p

DqD#Dfsign b � e#ð Þsign b � efð Þ: (12b)

See Appendix A for a complete derivation of these equations and their
special treatment at the magnetic axis. Equations (10)–(12) are
expressed in terms of the magnetic field, but the only independent
variables are R and Z as they appear in the covariant basis vectors.
Therefore, given the shapes of the flux surfaces in the plasma volume,
Rðq; #; fÞ and Zðq; #; fÞ, the force balance errors fqðq; #; fÞ and
fbðq; #; fÞ can be computed throughout the domain. Both of these
equations must vanish in equilibrium.

III. NUMERICAL METHODS

Pseudospectral methods are employed to solve the equilibrium
force balance PDE given by (12). This approach is chosen over finite
element or finite difference methods because global basis functions
converge exponentially. In other words, spectral methods can achieve
lower errors for the same dimensionality or reach comparable accu-
racy with fewer degrees of freedom, at least for regular domains.20 The
term “pseudospectral” is used to indicate that the equations are forced
to vanish at a set of collocation points. The loss in accuracy compared
to Galerkin methods is typically negligible at high resolutions, and
pseudospectral methods are much simpler to implement.20

A. Spatial discretization

A Fourier–Zernike21–25 basis set is used with “fringe” index-
ing26,27 of the form

Rðq; #; fÞ ¼
XN
n¼�N

XM
m¼�M

X
l2L

RlmnZ
m
l ðq; #ÞFnðfÞ; (13a)

Zðq; #; fÞ ¼
XN
n¼�N

XM
m¼�M

X
l2L

ZlmnZ
m
l ðq; #ÞFnðfÞ; (13b)

where L ¼ jmj; jmj þ 2; jmj þ 4;…; 2M � jmj. The standard index-
ing scheme was also tested, but the fringe indices were determined to
be more efficient.FnðfÞ is the toroidal Fourier series defined as

FnðfÞ ¼
cos ðjnjNFPfÞ for n � 0;

sin ðjnjNFPfÞ for n < 0;

(
(14)

where NFP is the number of field periods of the device (discrete toroi-
dal symmetry). Zm

l ðq; #Þ are the Zernike polynomials defined on the
unit disk 0 � q � 1; # 2 ½0; 2pÞ as

Zm
l ðq; #Þ ¼

R
jmj
l ðqÞ cos ðjmj#Þ form � 0

R
jmj
l ðqÞ sin ðjmj#Þ form < 0;

8<
: (15)

with the radial function

R
jmj
l ðqÞ ¼

Xðl�jmjÞ=2
s¼0

ð�1Þsðl� sÞ!

s!
1
2
ðl þ jmjÞ � s

� �
!
1
2
ðl � jmjÞ � s

� �
!

ql�2s: (16)

Zernike polynomials are orthogonal on the unit disk with the inner
product,

hA;Bi ¼
ð2p
0

ð1
0
Aðq; #ÞBðq; #Þqdqd#; (17)

and the normalization is chosen such that

hZm
l ;Z

m0
l0 i ¼

2ðl þ 1Þdll0dmm0

pð1þ dm0Þ
; (18)

where dij is the Kronecker delta. The Zernike polynomials for M¼ 2
are depicted in Fig. 2.

For computation, the Fourier–Zernike series is truncated at a
poloidal resolution M and a toroidal resolution N. The maximum
radial resolution is then q2M as dictated by the Zernike polynomials.
An advantage of the Zernike polynomials is that the number of basis
functions scales as M2=2, meaning it can achieve the same accuracy
with about half of the terms that would be necessary in other methods
that scale as M2, such as the popular Chebyshev–Fourier basis.28 A
benefit of the global spectral discretization is that (13a) and (13b) can
be interpolated anywhere in the domain q 2 ½0; 1�; # 2 ½0; 2pÞ;
f 2 ½0; 2pÞ. Additionally, all partial derivatives of R and Z are
known analytically by differentiating the basis functions.
Interpolation and/or differentiation, therefore, reduces to simple
matrix multiplication of the spectral coefficients, and the appropri-
ate Vandermonde matrices can be pre-computed. Horner’s
method29 is used to evaluate the polynomials rather than the
Zernike recurrence relations since this was found to be more
numerically stable at low values of q.

FIG. 2. First nine Zernike polynomials in the fringe ordering, depicting the basis
functions used for resolution M¼ 2.
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B. Boundary condition: Magnetic axis

When an analytic function is expanded near the origin of a disk,
the resulting polynomial-Fourier expansion must obey a certain struc-
ture.28 Suppose the function f ðq; #Þ in polar coordinates is expanded
in a real Fourier series as

f ðx; yÞ ¼
X1
m¼0

amðqÞ cos ðm#Þ þ
X1
m¼0

bmðqÞ sin ðm#Þ; (19)

where x ¼ q cos# and y ¼ q sin#. It was proved by Lewis and Bellan30

that the radial parity of the Fourier coefficients and their nonsingularity
at the origin implies the following form for the radial functions:

amðqÞ ¼ qmðam;0 þ am;2q
2 þ am;4q

4 þ � � �Þ; (20a)

bmðqÞ ¼ qmðbm;0 þ bm;2q
2 þ bm;4q

4 þ � � �Þ: (20b)

The variables R and Z are physical quantities representing the
locations of flux surfaces; therefore, the scalar functions Rðq; #; fÞ and
Zðq; #; fÞ must be analytic everywhere in the toroidal domain. The
Fourier–Zernike basis described by (13a) and (13b) inherently satisfies
the conditions of (19) and (20), so no special treatment is needed to
represent the location of the magnetic axis at q ¼ 0. This is an advan-
tage over other discretizations that must impose boundary conditions
to meet these criteria.

C. Boundary condition: Last closed flux surface

For a fixed-boundary equilibrium, the surface of the plasma
boundary is input as a double Fourier series of the form

Rbðh;/Þ ¼
XN
n¼�N

XM
m¼�M

Rb
mnG

m
n ðh;/Þ; (21a)

Zbðh;/Þ ¼
XN
n¼�N

XM
m¼�M

Zb
mnG

m
n ðh;/Þ; (21b)

Gm
n ðh;/Þ ¼

cos ðjmjhÞ cos ðjnjNFP/Þ form � 0;n � 0;

cos ðjmjhÞ sin ðjnjNFP/Þ form � 0;n < 0;

sin ðjmjhÞ cos ðjnjNFP/Þ form < 0;n � 0;

sin ðjmjhÞ sin ðjnjNFP/Þ form < 0;n < 0:

8>>>><
>>>>:

(21c)

The parameterization in (21a) and (21b) determines the poloidal angle
h. The boundary inputs used in Sec. IV give an angle measured clock-
wise from the inboard midplane as shown in Fig. 1, but this does not
have to be the case in general. This angle h used to define the boundary
surface is related to the straight field-line angle # through kð#; fÞ as
defined in (5). The stream function k is given by the double Fourier
series,

kð#; fÞ ¼
XN
n¼�N

XM
m¼�M

kmnG
m
n ð#; fÞ; (22a)

Gm
n ð#; fÞ ¼

cos ðjmj#Þ cos ðjnjNFPfÞ form � 0; n � 0;

cos ðjmj#Þ sin ðjnjNFPfÞ form � 0; n < 0;

sin ðjmj#Þ cos ðjnjNFPfÞ form < 0; n � 0;

sin ðjmj#Þ sin ðjnjNFPfÞ form < 0; n < 0

8>>>><
>>>>:

(22b)

along with the constraint

XN
n¼0

XM
m¼0

kmn ¼ 0; (23)

which ensures that kð0; 0Þ ¼ 0 in order to fix the gauge freedom of
the coordinate angles. k is used in a similar way by VMEC to convert
arbitrary poloidal coordinates to the straight field-line angle, but in
this context k is only defined at the plasma boundary (q¼ 1).

Using k to convert from h to # and recalling that / ¼ �f by def-
inition, the boundary can be rewritten as a Fourier series in the straight
field-line coordinates,

Rbð#; fÞ ¼
XN
n¼�N

XM
m¼�M

~R
b
mnG

m
n ð#; fÞ; (24a)

Zbð#; fÞ ¼
XN
n¼�N

XM
m¼�M

~Z
b
mnG

m
n ð#; fÞ: (24b)

The nonlinear transformation from Rb
mn and Zb

mn to ~R
b
mn and ~Z

b
mn is

performed in the standard pseudospectral practice of interpolation to
real space followed by a Fourier transform, with the “three-halves rule”
used to prevent spectral aliasing.31 The coefficients from (24a) and
(24b) are then used to provide boundary conditions on the coefficients
in (13a) and (13b). Noting that the radial component of the Zernike
basis Rjmjl ðq ¼ 1Þ ¼ 1 for all l, m, the explicit boundary conditions
are X

l2L
Rlmn ¼ ~R

b
mn; (25a)

X
l2L

Zlmn ¼ ~Z
b
mn: (25b)

This ensures that Rðq ¼ 1; #; fÞ and Zðq ¼ 1; #; fÞ will match the
surface given by Rbðh;/Þ and Zbðh;/Þ, up to the provided spectral
accuracy.

The full Fourier–Zernike basis set defined in (13a) and (13b)
requires ðM þ 1Þ2ð2N þ 1Þ total coefficients, but (25a) and (25b) pro-
vide constraint equations to determine ð2M þ 1Þð2N þ 1Þ of those
coefficients. Similarly, there are a total of ð2M þ 1Þð2N þ 1Þ coeffi-
cients in the double Fourier basis of (22), but one is dependent on the
others through (23). Instead of using a spectral tau method where
these boundary conditions provide additional equations to be solved,20

the constraints are explicitly enforced. For example, R is only given by
coefficients up to order M – 1 in (13a) and the other coefficients are
set to ensure that (25a) is satisfied to orderM. This approach is chosen
over the tau method because it reduces the total number of indepen-
dent variables and eliminates the need to normalize boundary equa-
tions relative to the force balance equations. Combining the spectral
representations for R, Z, and k, it requires a total of ð2M2 þ 2M
þ1Þð2N þ 1Þ � 1 variables to completely describe an equilibrium
configuration. This scaling of 4M2N variables is a factor of 3 lower
than the 	12M2N variables used by the VMEC discretization, assum-
ing M flux surfaces are used in the VMEC calculation (typically it is
much higher). These savings can be attributed to the proper treatment
of the boundary conditions at the magnetic axis. There are implicit
constraint equations caused by the coordinate singularity that VMEC
must account for but are inherently satisfied by the Zernike basis func-
tions, as explained in Sec. III B.
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D. Stellarator symmetry

All current and planned stellarator experiments exhibit stellarator
symmetry, and this option can be used to simplify the
Fourier–Zernike basis set. Stellarator symmetry is defined as32

Rðq;�#;�fÞ ¼ Rðq; #; fÞ; (26a)

Zðq;�#;�fÞ ¼ �Zðq; #; fÞ; (26b)

and it implies “up–down” symmetry in the f ¼ 0 plane.33 The sym-
metric variables can be written in a double Fourier series of the form

Rðq; #; fÞ ¼
X
m;n

RmnðqÞ cos ðm#� nNFPfÞ; (27a)

Zðq; #; fÞ ¼
X
m;n

ZmnðqÞ sin ðm#� nNFPfÞ; (27b)

kð#; fÞ ¼
X
m;n

kmn sin ðm#� nNFPfÞ: (27c)

Using Ptolemy’s identities and truncating to a finite series, this is
equivalent to

Rðq; #; fÞ ¼
X�1
n¼�N

X�1
m¼�M

RmnðqÞGm
n ð#; fÞ

þ
XN
n¼0

XM
m¼0

RmnðqÞGm
n ð#; fÞ (28a)

Zðq; #; fÞ ¼
X�1
n¼�N

XM
m¼0

ZmnðqÞGm
n ð#; fÞ

þ
XN
n¼0

X�1
m¼�M

ZmnðqÞGm
n ð#; fÞ; (28b)

kð#; fÞ ¼
X�1
n¼�N

XM
m¼0

kmnG
m
n ð#; fÞ

þ
XN
n¼0

X�1
m¼�M

kmnG
m
n ð#; fÞ; (28c)

where Gm
n ð#; fÞ was defined in (22b). When the radial coordinate is

incorporated into the Zernike polynomials, the Fourier–Zernike basis
sets for R and Z assuming stellarator symmetry are

Rðq; #; fÞ ¼
X�1
n¼�N

X�1
m¼�M

X
l2L

RlmnZ
m
l ðq; #ÞFnðfÞ

þ
XN
n¼0

XM
m¼0

X
l2L

RlmnZ
m
l ðq; #ÞFnðfÞ; (29a)

Zðq; #; fÞ ¼
X�1
n¼�N

XM
m¼0

X
l2L

ZlmnZ
m
l ðq; #ÞFnðfÞ

þ
XN
n¼0

X�1
m¼�M

X
l2L

ZlmnZ
m
l ðq; #ÞFnðfÞ: (29b)

Stellarator symmetry reduces the total number of coefficients
exactly in half compared to the general case, so the number of varia-
bles required to describe an equilibrium scales as 2M2N (compared to
a similar VMEC dimension of 	6M2N). Since the force balance

equations defined in (12) are functions of R and Z, they also exhibit
symmetries when stellarator symmetry is enforced on the inputs

fqðq;�#;�fÞ ¼ fqðq; #; fÞ; (30a)

fbðq;�#;�fÞ ¼ �fbðq; #; fÞ: (30b)

E. Nonlinear system solver

The system of nonlinear equations given by (12) can be written
in the form f ¼ fðxÞ, where x ¼ ½Rlmn;Zlmn; kmn�T is the state vector
that describes the flux surfaces and f ¼ ½f iq; f ib�

T contains the force bal-
ance errors at a set of collocation points with index i. Since fq and fb
represent the independent components of F weighted by volume ele-
ments, it follows that the L1-norm of fðxÞ is a numerical approxima-
tion to the total force balance error in the plasma volume,

jjfðxÞjj1 

ð2p
0

ð2p
0

ð1
0
jjFðq; #; fÞjj1

ffiffiffi
g
p

dqd#df: (31)

Therefore, fðxÞ ¼ 0 implies that Fðq; #; fÞ ¼ 0, and the correspond-
ing solution xmust represent the equilibrium flux surfaces.

Solving high-dimensional nonlinear systems can be computa-
tionally challenging: solutions are not always guaranteed to exist and
global convergence often depends strongly on a good initial guess.
There is an extensive field of literature on computation methods for
these types of problems, but the most popular and robust algorithms
are variants of the Newton–Raphson method.29 In this iterative proce-
dure, the state vector is updated according to xkþ1 ¼ xk þ Dx where
the search direction is defined as

@f
@x

				
xk

 !
Dx ¼ �fðxkÞ: (32)

The superiority of Newton root-finding algorithms is that they can
achieve at least quadratic convergence in the neighborhood of the
solution. This is a substantial advantage over other approaches such as
the steepest-descent method performed by VMEC to minimize the
potential energy of the plasma.

F. Collocation nodes

The force balance equations fðxÞ are solved at discrete points in
real space, and there is a lot of flexibility in choosing these interpola-
tion points. The stencil used by the fast Fourier transform is equally
spaced in f 2 ½0; 2pÞ, and this provides a natural choice for the toroi-
dal grid. An optimal sampling pattern in the polar ðq; #Þ domain is
unknown for the Zernike basis, but sets have been discovered that
minimize the condition number of the resulting Vandermonde
matrix.34,35 Arranging the nodes into Mþ 1 concentric circles with
2mþ 1 equally spaced points on each ring m for m ¼ 0;…;M helps
ensure a uniform distribution of sampling points throughout the
domain. The radial locations displayed in Fig. 3 are the
Chebyshev–Gauss–Lobatto nodes20 (the extrema of Chebyshev poly-
nomials of the first kind) scaled to the domain q 2 ½0; 1�.36
Alternatively, these nodes could have been chosen to avoid rational
surfaces or grouped into regions of the plasma volume where more
resolution is desired. The radial force balance equation fq is a function
of second derivatives in the radial coordinate such as @qqR and @qqZ,
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which cannot be properly computed at the boundary q ¼ 1. To avoid
numerical issues associated with these values, the grid only evaluates
the helical component of the error fb on the last closed flux surface,
which does not require these higher derivatives.

For a general equilibrium calculation, a grid such as the one pic-
tured in Fig. 3(b) would be used at 2N þ 1 toroidal cross sections
equally spaced in the range f 2 ½0; 2p=NFPÞ. The use of points with
similar ðq; #Þ coordinates allows for efficient vectorized computations.
If stellarator symmetry is enforced, half of these nodes are redundant
and the set of collocation points can be reduced. In the symmetric
case, only Nþ 1 toroidal angles are used in the range f 2 ½0; p=NFPÞ,
and the half-grid depicted in Fig. 3(a) is used in the f ¼ 0 plane. Note
that fq and fb are sampled on different grids in this cross section to
exploit their unique symmetries. These interpolation nodes are used to
calculate the numerical examples in Sec. IV.

IV. NUMERICAL EXAMPLES

Numerical results of equilibria are presented to validate the
described method. Two test cases are shown, which are the same
examples also used in the original VMEC paper by Hirshman and
Whitson in 1983. The first is an axisymmetric, high-beta, D-shaped
plasma, and the second is a high-beta heliotron configuration. Both
examples have realistic pressure profiles and rotational transforms that
include low-order rational surfaces.

Two error metrics are defined to quantify the accuracy of
solutions,

eX ¼ hjj DRi;DZi½ �T jj2i; (33a)

eF ¼
ð2p
0

ð2p
0

ð1
0
jjFjj2

ffiffiffi
g
p

dqd#df: (33b)

Here DRi and DZi are the differences in flux surfaces relative to a
VMEC equilibrium, and the bracket denotes the mean over the set of
points with index i. The VMEC solutions used for comparison were

computed with 256 flux surfaces and a residual tolerance of 10�16,
with 18 poloidal Fourier modes in the tokamak case and 12 poloidal
and toroidal Fourier modes for the heliotron. Stellarator symmetry
was assumed by both VMEC and DESC for all computations. The
integral of the force balance error was also numerically approximated
using a set of interpolation points. For both error metrics and both test
cases, the errors were sampled at thousands of locations throughout
the plasma volume and were different from the set of collocation
nodes.

The initial guess for the Newton iteration in both cases was
obtained by scaling the boundary surface proportional to q and setting
kð#; fÞ ¼ 0. Lower resolution solutions were then used as the initial
guesses for higher resolution calculations. A Levenberg– Marquardt37–39

algorithm was applied, which combines the Newton search direction
with the steepest descent direction to improve convergence. The stop-
ping criterion was a minimum step size of jjDxjj2 � 10�4.

A. Axisymmetry

The “high-beta, D-shaped plasma” is used as an axisymmetric
test case. The fixed boundary and profile inputs are

Rb ¼ 3:51� cos hþ 0:106 cos 2h;

Zb ¼ 1:47 sin hþ 0:16 sin 2h;

i� ¼ 1� 0:67q2;

p ¼ 1:65� 103ð1� q2Þ2;
wa ¼ 1

which correspond to a tokamak with a volume-averaged beta of
approximately 3%. The equilibrium flux surfaces calculated with a res-
olution ofM¼ 18 are plotted and compared to the VMEC solution in
Fig. 4. The corresponding force balance error is displayed in Fig. 5 and
normalized to the value of jjrpðq ¼ 0:5Þjj2. The error is less than 1%

FIG. 3. Interpolation points in the ðq; #Þ domain used for the spectral resolution M¼ 6: (a) stellarator symmetry grid; (b) non-symmetric grid.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 27, 102513 (2020); doi: 10.1063/5.0020743 27, 102513-7

Published under license by AIP Publishing

https://scitation.org/journal/php


throughout the majority of the plasma volume, with most of the error
concentrated near the edge where the plasma boundary is prescribed.
Figure 6 gives the error metrics, which both display strong conver-
gence rates asM is increased. A toroidal resolution of N¼ 0 is used for
all axisymmetric calculations since higher modes are unnecessary.

B. Non-axisymmetry

The “high-beta heliotron” is used as a non-axisymmetric test
case, with the fixed boundary and profile inputs

Rb ¼ 10� cos h� 0:3 cos ðh� 19/Þ;
Zb ¼ sin h� 0:3 sin ðh� 19/Þ;

i� ¼ 1:5q2 þ 0:5;

p ¼ 3:4� 103ð1� q2Þ2;
wa ¼ 1:

This is a configuration with a volume-averaged beta of about 2% and a
Shafranov shift of about 38 cm relative to the vacuum case. Figure 7
shows a comparison of the equilibrium flux surfaces calculated with a
resolution of M¼ 18, N¼ 6 to the VMEC solution. The convergence
plot of radial resolution in Fig. 8 indicates that this DESC solution
with M¼ 18 has a similar magnetic axis location as the VMEC result
with 256 flux surfaces. The other convergence plot in Fig. 9 shows the
two error metrics steadily decreasing as both resolutions increase. The
force balance error for the M ¼ N ¼ 12 solution is plotted in Fig. 10,
revealing that the error is below 1% in most of the plasma volume
except near the magnetic axis.

C. Discussion

The average discrepancy between the results of DESC and
VMEC for the flux surfaces plotted in Figs. 4 and 7 is on the order of a
few millimeters, as quantified by (33a). The strong trends of �X in
Figs. 8 and 9 give confidence that DESC converges to the same equilib-
rium solution as VMEC. Furthermore, although VMEC is a trusted
benchmark, the corresponding convergence of �F indicates that the
results are indeed accurate solutions to the MHD equilibrium

FIG. 5. Normalized force balance error jjFjj2=jjrpðq ¼ 0:5Þjj2 for the tokamak
equilibrium with resolution M¼ 18. Colored regions show the order of magnitude in
the percent error.

FIG. 4. High-beta, D-shaped tokamak equilibrium. Solid lines show flux surfaces
and dotted lines mark curves of constant #. The VMEC equilibrium is displayed in
black throughout the full domain, while the DESC solution with resolution M¼ 18 is
plotted in red on # 2 ½0;p� for comparison.

FIG. 6. Convergence plot for the tokamak equilibrium as a function of the Zernike
resolutions M. eX (black) is the average distance between the VMEC and DESC
flux surfaces, and eF (red) is the norm of the force balance error vector integrated
over the plasma volume.
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FIG. 7. High-beta heliotron equilibrium. Solid lines show flux surfaces and dotted lines mark curves of constant #. The VMEC equilibrium is displayed in black throughout the
full domain, while the DESC solution with resolution M¼ 18, N¼ 6 is plotted in red on # 2 ½0;p� for comparison.

FIG. 8. Convergence of the magnetic axis position in the / ¼ f ¼ 0 plane for the
heliotron equilibrium as a function of radial resolution. The VMEC results (black)
are plotted against the number of flux surfaces (top axis), and the DESC results
(red) are plotted against the Zernike resolution M (bottom axis).

FIG. 9. Convergence plot for the heliotron equilibrium as a function of the spectral
resolutions M and N. �X (black) is the average distance between the VMEC and
DESC flux surfaces, and �F (red) is the norm of the force balance error vector inte-
grated over the plasma volume.
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equations. The visualization of this accuracy in Figs. 5 and 10 is note-
worthy because similar self-consistent error calculations are not
straightforward in the numerical basis used by VMEC. Furthermore,
since VMEC solves the force balance equations indirectly through the
energy principle, it may not always converge to a solution with low
errors. DESC solves them directly, and the results validate that these
equations are being solved properly.

In fixed-boundary calculations, there is a trade-off between solv-
ing these equilibrium equations and satisfying the plasma boundary
constraints. This tension can explain the concentration of error near
the boundary of the “D-shaped plasma” since many Fourier modes in
ð#; fÞ coordinates are required to resolve the last closed flux surface of
this tokamak. The heliotron has a much simpler elliptical boundary,
and the error near the last closed flux surface decreases quickly with
only a few modes. More modes are required in the core, however,
resulting in increased error near the magnetic axis for a given
resolution.

DESC is restricted to operating in straight field-line coordinates,
which may appear to be a disadvantage compared to the optimal
poloidal angle of the VMEC formulation.40 However, DESC more
than compensates for this inefficiency with its compact radial discreti-
zation provided by the global basis functions. VMEC’s use of radial
finite differences uniformly spaced in toroidal magnetic flux results in
very poor resolution near the magnetic axis, while the Zernike polyno-
mials inherently satisfy the necessary boundary conditions there.
Figure 8 clearly demonstrates that DESC has a superior rate of radial
convergence. For the highest resolution shown in which the two codes
agree on the magnetic axis location, the dimension of DESC’s state

vector x was under 5� 103, while the total number of variables for
VMEC was over 2� 105.

In conclusion, DESC is an ideal MHD equilibrium construction
code for stellarators. Its approach to solving the equilibrium force bal-
ance equations and use of global pseudospectral methods promise to
make it more accurate and efficient than existing codes. The code was
written in MATLAB to speed up development time, but is now being
ported to python to improve computational efficiencies. Future work
will include refined numerical techniques to improve convergence,
development of a free-boundary version of the code, and relaxing the
assumption on nested flux surfaces to accommodate magnetic islands
and stochastic field lines. Future publications will demonstrate the
benefits of using DESC in the following applications: resolving rational
surfaces, exploring the parameter space of stellarator equilibria, search-
ing for quasi-symmetric solutions, and assessing MHD stability.

SUPPLEMENTARY MATERIAL

The VMEC input files used for the benchmark solutions are
included as supplementary material. The file DSHAPE corresponds to
the D-shaped tokamak example, computed with 256 flux surfaces and
18 poloidal Fourier modes. Similarly, the file HELIOTRON corre-
sponds to the heliotron configuration with 256 flux surfaces and 12
poloidal and toroidal Fourier modes.
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APPENDIX A: DERIVATION OF FORCE BALANCE
EQUATIONS

The following equations outline how to compute the force bal-
ance errors fq and fb everywhere in the computational domain.
Given the Fourier–Zernike coefficients Rlmn and Zlmn, the values of
Rðq; #; fÞ; Zðq; #; fÞ, and all their partial derivatives are known
throughout the domain from (13a) and (13b). The covariant basis
vectors are defined as

eq ¼

@qR

0

@qZ

2
664

3
775 e# ¼

@#R

0

@#Z

2
664

3
775 ef ¼

@fR

�R

@fZ

2
664

3
775 (A1)

and the notation eac is used as a shorthand for @cðeaÞ. The Jacobian
and its partial derivatives are calculated from the basis vectors asffiffiffi

g
p ¼ eq � e# � ef; (A2a)

@q
ffiffiffi
g
p� �

¼ eqq � e# � ef þ eq � e#q � ef þ eq � e# � efq; (A2b)

@#
ffiffiffi
g
p� �

¼ eq# � e# � ef þ eq � e## � ef þ eq � e# � ef#; (A2c)

@f
ffiffiffi
g
p� �

¼ eqf � e# � ef þ eq � e#f � ef þ eq � e# � eff: (A2d)

The contravariant basis vectors are determined by

eq ¼ e# � efffiffiffi
g
p ; (A3a)

e# ¼ ef � eqffiffiffi
g
p ; (A3b)

ef ¼ eq � e#ffiffiffi
g
p ; (A3c)

and then the metric coefficients are computed as

gqq ¼ eq � eq; (A4a)

g## ¼ e# � e#; (A4b)

gff ¼ ef � ef; (A4c)

g#f ¼ e# � ef: (A4d)

Recall that the magnetic field is written in the form

B ¼ Bqe
q þ B#e

# þ Bfe
f; (A5a)

¼ B#e# þ Bfef (A5b)

and that in the straight field-line coordinates the contravariant
components of the field are given by

Bf ¼ w0

2p
ffiffiffi
g
p ; (A6a)

B# ¼ i�Bf: (A6b)

w is simply a quadratic function of the flux label by definition:
wðqÞ ¼ waq

2. Therefore, the global magnetic field Bðq; #; fÞ is
entirely known from the coefficients Rlmn and Zlmn and the input
profile i�ðqÞ. The force balance errors can then be calculated
directly from this magnetic field. The partial derivatives of the con-
travariant components are

@qB
f ¼ w00

2p
ffiffiffi
g
p �

w0@q
ffiffiffi
g
p� �

2pg
; (A7a)

@#B
f ¼ �

w0@#
ffiffiffi
g
p� �

2pg
; (A7b)

@fB
f ¼ �

w0@f
ffiffiffi
g
p� �

2pg
; (A7c)

which are used to compute the partial derivatives of the covariant
components

@qB# ¼ @qB
f i�e# þ efð Þ � e#

þBf i�0 e# þ i�eq# þ efq

� �
� e# þ i�e# þ efð Þ � e#q

h i
;

(A8a)

@qBf ¼ @qB
f i�e# þ efð Þ � ef

þBf i�0 e# þ i�eq# þ efq
� �

� ef þ i�e# þ efð Þ � efq

h i
; (A8b)

@#Bq ¼ @#Bf i�e# þ efð Þ � eq

þBf i�e## þ ef#ð Þ � eq þ i�e# þ efð Þ � eq#½ �; (A8c)

@#Bf ¼ @#Bf i�e# þ efð Þ � ef

þBf i�e## þ ef#ð Þ � ef þ i�e# þ efð Þ � ef#½ �; (A8d)

@fBq ¼ @fB
f i�e# þ efð Þ � eq

þBf i�e#f þ effð Þ � eq þ i�e# þ efð Þ � eqf½ �; (A8e)

@fB# ¼ @fB
f i�e# þ efð Þ � e#

þBf i�e#f þ effð Þ � e# þ i�e# þ efð Þ � e#f½ �: (A8f)

Ampère’s Law then gives the contravariant components of the cur-
rent density from these partial derivative terms

Jq ¼ @#Bf � @fB#
l0

ffiffiffi
g
p ; (A9a)

J# ¼ @fBq � @qBf

l0
ffiffiffi
g
p ; (A9b)

Jf ¼ @qB# � @#Bq

l0
ffiffiffi
g
p : (A9c)

This leads to the evaluation of the two independent components of
the force balance vector defined in (11) as F ¼ Fqrqþ Fbb

Fq ¼
ffiffiffi
g
p

BfJ# � B#Jf
� �

� p0; (A10a)

Fb ¼
ffiffiffi
g
p

Jq; (A10b)

where the pressure profile pðqÞ is a known input. In order to have
both components in the same units and convert the vectors to scalar
equations, the magnitudes are used
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jjrqjj2 ¼ jjeqjj2 ¼
ffiffiffiffiffiffiffi
gqq

p
; (A11a)

jjbjj2 ¼ jjBfe# � B#efjj2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g## Bfð Þ2 þ gff B#ð Þ2 � 2g#fB#Bf

q
: (A11b)

Directions are also assigned such that rq � eq > 0 denotes a posi-
tive radial force error and ðb � e#Þðb � efÞ > 0 is a positive helical
error. These errors are evaluated at discrete points in space and are
weighted by the volumes represented by those points,

ffiffiffi
g
p

DqD#Df.
This results in the two scalar equations for the force balance error
defined in (12),

fq ¼ Fqjjrqjj2
ffiffiffi
g
p

DqD#Dfsign rq � eqð Þ; (A12a)

fb ¼ Fbjjbjj2
ffiffiffi
g
p

DqD#Dfsign b � e#ð Þsign b � efð Þ: (A12b)

Special attention must be given to the magnetic axis since the
Jacobian

ffiffiffi
g
p

vanishes at the coordinate origin. The contravariant
components of the magnetic field are physical quantities that have
finite values at the magnetic axis but have an indeterminate form at
q ¼ 0. These components and their derivatives are resolved by
applying l’Hospital’s rule, multiple times in some cases,

Bfðq ¼ 0Þ ¼ w00

2p@q
ffiffiffi
g
p� � ; (A13a)

B#ðq ¼ 0Þ ¼ i�w00

2p@q
ffiffiffi
g
p� � ; (A13b)

@qB
fðq ¼ 0Þ ¼ �

w00@qq
ffiffiffi
g
p� �

4p @q
ffiffiffi
g
p� �� �2 ; (A13c)

@#B
fðq ¼ 0Þ ¼ 0; (A13d)

@fB
fðq ¼ 0Þ ¼ �

w00@fq
ffiffiffi
g
p� �

2p @q
ffiffiffi
g
p� �� �2 : (A13e)

Together with the contravariant basis vector equation

eqðq ¼ 0Þ ¼ e#q � ef

@q
ffiffiffi
g
p� � ; (A14)

the radial force balance error equation (A12a) can be computed at
the magnetic axis. The helical error (A12b) needs further treatment
because

lim
q!0

Fb ¼ 0; (A15a)

lim
q!0
jjbjj2 ¼ 1: (A15b)

Applying l’Hospital’s rule to this combined term yields

Fbjjbjj2
� �

jq¼0¼
@#qBf�@fqB#

l0@q
ffiffiffi
g
p� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ef�eqð Þ � ef�eqð Þ Bfð Þ2
q

; (A16)

where the mixed partial derivatives of the covariant field compo-
nents are defined at the magnetic axis by

@#qBfðq ¼ 0Þ ¼ @#qB
fef � ef þ Bf i�e##q þ 2ef#qð Þ � ef; (A17a)

@fqB#ðq ¼ 0Þ ¼ @fB
fef � e#q þ Bf eff � e#q þ ef � e#fqð Þ; (A17b)

and the mixed contravariant derivative becomes

@#qB
f ¼

w00 2@qq
ffiffiffi
g
p� �

@#q
ffiffiffi
g
p� �
� @q

ffiffiffi
g
p� �

@#qq
ffiffiffi
g
p� �� �

4p @q
ffiffiffi
g
p� �� �3 : (A18)

Equations (A13c), (A13e), and (A18) depend on higher-order deriv-
atives of

ffiffiffi
g
p

, and the only nonzero terms in these expressions at the
magnetic axis are

@qq
ffiffiffi
g
p� �
¼ 2@qR @q#Z@qR�@q#R@qZð ÞþR @qR@qq#Z�@qZ@qq#Rð Þ
þR 2@qqR@q#Z� 2@q#R@qqZð Þ; (A19a)

@fq
ffiffiffi
g
p� �

¼ @fR @qR@q#Z � @q#R@qZð Þ þ R @fqR@q#Z þ @qR@fq#Zð Þ
�R @fq#R@qZ þ @q#R@fqZð Þ; (A19b)

@fq
ffiffiffi
g
p� �

¼ @fR @q#Z@qR� @q#R@qZð Þ þ R @fqR@q#Z þ @qR@fq#Zð Þ
�R @fq#R@qZ þ @q#R@fq#Zð Þ; (A19c)

@#qq
ffiffiffi
g
p� �

¼ 2@q#R @q#Z@qR� @q#R@qZð Þ
þ2@qR @q##Z@qR� @q##R@qZð Þ
þR @qR@qq##Z � @qZ@qq##Rð Þ
þ2R @qqR@q##Z � @qqZ@q##Rð Þ
�R @q#R@qq#Z � @q#Z@qq#Rð Þ: (A19d)

Finally, a nonzero value must be used for the Jacobian when calcu-
lating the volume of the torus surrounding the magnetic axis
denoted by

ffiffiffi
g
p

DqD#Df.

APPENDIX B: LIST OF VARIABLES

Table I lists a summary of all the variables and their units.

TABLE I. List of variables.

Symbol Variable Units

R; /; Z Toroidal coordinates m, rad, m
q; #; f Straight field-line coordinates none, rad, rad
eq; e#; ef Covariant basis vectors m
eq; e#; ef Contravariant basis vectors m�1ffiffiffi
g
p

Flux coordinates Jacobian m3

kð#; fÞ Straight field-line stream function rad
wðqÞ; vðqÞ Toroidal and poloidal magnetic flux Wb
i�ðqÞ Rotational transform none
pðqÞ Pressure Pa
l0 Magnetic constant H m�1

B Magnetic field T
J Current density A m�2

F Force balance error vector N m�3

fq; fb Force balance error equations N
x State vector of independent variables m, rad
f System of equations to minimize N
M Maximum poloidal Fourier mode none
N Maximum toroidal Fourier mode none
NFP Number of toroidal field periods none
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DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request. Also, the
data that support the findings of this study are openly available in
DESC at https://github.com/ddudt/DESC, Ref. 41.
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